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Abstract
Let  be an hereditary torsion theory. For a ring with -Gabriel dimension, we 7nd necessary
and su8cient conditions for the existence of a bijective correspondence between the -torsionfree
injective modules and the -closed prime ideals. As an application, new characterizations of fully
bounded noetherian rings are obtained. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: Primary: 16S90; secondary: 16D50; 16P50; 16P70
0. Introduction
It is a known fact that for a commutative Noetherian ring there is a bijective cor-
respondence between isomorphism classes of indecomposable injective modules and
prime ideals. For arbitrary Noetherian rings this is no longer true.
In [14] StenstrDom denotes by E(R) a set of isomorphism classes of non-zero inde-
composable injective left R-modules by Spec(R) the set prime ideals of R, he de7nes
the map  :E(R) → Spec(R) by (E) = ass(E),  is usually named the Gabriel cor-
respondence.
In [10] Krause showed that the left fully bounded Noetherian rings are characterized
as those which have bijective Gabriel correspondence. Afterwards Beachy [5] gave
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another characterization of fully bounded Noetherian rings in terms of hereditary torsion
theories.
It is possible to work in a more general situation. Let  be a hereditary torsion
theory in R-mod such that R is Noetherian with respect to ; i.e. R has the ascending
chain condition on left ideals I such that R=I is -torsion free. For these kinds of rings,
Albu and Nastasescu [3], Asencio and Torrecillas [4] and Kim and Krause [8,9], have
studied the condition: two -torsion free injective indecomposable left R-modules are
isomorphic if and only if they have the same associated prime ideal. This condition is
named the local bijective Gabriel correspondence with respect to .
For rings with Krull dimension relative to , Albu et al. [1] proved that if  is an
ideal invariant hereditary torsion theory, then ass(M) = ∅ for any non-zero -torsion
free left R-module M . In [2] Albu et al. obtain conditions equivalent for R to have
local bijective Gabriel correspondence relative to  when R has -Krull dimension and
ass(M) = ∅ for any non-zero -torsion free left R-module M .
In this paper, we 7nd necessary and su8cient conditions for a ring with -Gabriel
dimension to have local bijective Gabriel correspondence. Since having -Gabriel di-
mension is a condition weaker than having -Krull dimension, our results provide
additional conditions to those given in [2,8,9]. As a consequence we obtain new char-
acterizations of fully bounded Noetherian rings. In order to do this, we organized the
paper in three sections. Sections 1 and 2 are devoted to de7ning and studying the
concepts of P-module, P-ass and P-dimension. With these tools in hand, in Section
3 we give the main results.
Let R be an associative ring with unity, R-mod be the category of unitary left
R-modules, and R-tors be the frame of all hereditary torsion theories on R-mod. For a
family of left R-modules {M	}, let 
({M	}) be the maximal element of R-tors for which
all the M	 are torsion free, and let ({M	}) denote the minimal element of R-tors for
which all the M	 are torsion. 
({M	}) is called the torsion theory cogenerated by the
family {M	}, and ({M	}) is the torsion theory generated by the family {M	}. In partic-
ular, the maximal element of R-tors is denoted by 
 and the minimal element of R-tors
is denoted by . If  is an element of R-tors, gen() denotes the interval [; 
] in R-tors.
Let ∈R-tors. By T; F; t, we denote, respectively, the torsion class, the torsion free
class and the torsion functor associated to . For M ∈R-mod, M is called -cocritical
if M ∈ F and for all 0 =N ⊆ M , we have that M=N ∈T. We say M is cocritical if
M is 
({M})-cocritical. We say ∈R-tors is prime if =
(M), where M is cocritical.
We will denote by R-sp = {
({M}) |M is cocritical} and by Spec(R) = {I ⊂ R | I is
a prime ideal of R}. A torsion theory  in R-tors is irreducible if for ′; ′′ ∈R-tors
with ′ ∧ ′′ = , we have that ′ =  or ′′ = . For M ∈R-mod, let E(M) denote the
injective hull of M . A submodule N of M is -pure in M if M=N ∈ F.
If ∈R-tors, we de7ne a trans7nite chain of torsion theories as follows:
1. let 0 = ;
2. if i is not a limit ordinal, then
i = i−1 ∨ ({M |M is i−1-cocritical});
3. if i is a limit ordinal, then i =
∨{j | j¡ i}.
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This chain is called the Gabriel 7ltration of . A non-zero left R-module M is said to
have -Gabriel dimension equal to an ordinal h if M is h-torsion but not i-torsion for
any i¡h. If M is not i-torsion for any i, then its -Gabriel dimension is not de7ned.
The -Gabriel dimension of M is denoted by -Gdim(M). The -Gabriel dimension
of M is simply called the Gabriel dimension of M . If R has -Gdim, then for every
∈ gen(),  = 
, there exists a -cocritical module.
For all other concepts and terminology concerning torsion theories, the reader is
referred to [7,14].
1. Preliminary concepts
In a very recent paper [12] a new concept of dimension has been studied for mod-
ule categories. It was called atomic dimension. In that paper the basic properties of
-A-modules are also given.
Denition 1.1. Let ∈R-tors; and M ∈R-mod; M is said to be -A-module if M ∈ F
and  ∨ ({M}) is an atom in gen().
Notice that if M is a -cocritical module, then M is a -A-module. However, a
module need not be -cocritical to be a -A-module. We give a few speci7c examples
of -A-modules that are not -cocritical.
Example 1.2. Let F be a 7eld and let R be the ring of 3× 3 upper triangular matrices
(aij) over F such that a11=a33. Then R has two maximal (left) ideals M1={(aij) | a11=
0} and M2 = {(aij) | a22 = 0}. Let  = ({R=M2}). If eij denotes the matrix with 1 at
i; jth entry and 0 elsewhere; then Re33 is -torsionfree; and its socle is isomorphic to
R=M1. But Re33 is not -cocritical; for (Re33=Re23) ∼= R=M1 is -torsionfree. On the
other hand; Re33 is a -A-module since ∨ ({Re33}) = ∨ ({R=M1}) = 
 is an atom
in gen().
Extending the idea of Example 1.2 further, we have the following example.
Example 1.3. Let F be a 7eld; and let R be the !×! (countable in7nite) upper trian-
gular matrix ring over F such that each matrix (aij)∈R has only 7nitely many non-zero
elements above the main diagonal and satis7es a11 = a2n+1;2n+1 and a22 = a2n+2;2n+2
for each n = 1; 2; 3; : : : . Let e1 (respectively; e2) be the matrix with a2n+1;2n+1 = 1
(respectively; a2n+2;2n+2 = 1) for n = 0; 1; 2; : : : and 0 elsewhere. Then R has exactly
two maximal (left) ideals M1 = Re1 + Rad R and M2 = Re2 + Rad R; where Rad R is
the Jacobson radical of R. Now let = ({R=M1}).
Let B the set of ! × 1 column vectors, each of which has 7nitely many non-zero
entries in F . Then B is naturally a left R-module with submodules Bn = {(bi) | bi = 0
for i¿n}. Then B is uniform and -torsionfree. Since each B=B2n is also -torsionfree,
then B is not -noetherian and hence not -cocritical. On the other hand, ∨ ({B}) =
 ∨ ({R=M2}) = 
 is an atom in gen(), so that B is a -A-module.
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Now consider the left ideal Re2 of R. Since Re2 has an essential socle that is
isomorphic to an in7nite direct sum of copies of R=M2, then Re2 is -torsionfree,
but Re2 is not Goldie 7nite dimensional and hence not -cocritical. On the other hand,
 ∨ ({Re2}) =  ∨ ({R=M2}) = 
, so that Re2 is a -A-module.
We also note that Proposition 1.10 (below) gives a class of -A-modules.
In order to make this work self-contained, we include the following result
from [12].
Proposition 1.4. If M is a -A-module; then:
(i) For every ∈ gen(); we have that M ∈T or M ∈ F.
(ii) Every non-zero submodule N of M is a -A-module and 
({N}) = 
({M}).




(iv) If ∈ gen() and M ∈ F; then M is a -A-module.
(v) If ∈R-tors and M ∈T; then M is a ( ∧ )-A-module.
Condition (ii) implies that if M is a -A-module, then 
({M}) is an irreducible
element of R-tors [7, Proposition 32.2].
Denition 1.5. A module M is called A-module if there exists ∈R-tors such that M
is -A-module.
We denote by A= {
({M}) |M is a A-module}.




({N}) with N a -A-module. If 6 [∨({M})]∧ [∨({N})]6 ∨
({N}); then =[∨({M})]∧[∨({N})] or [∨({M})]∧[∨({N})]=∨({N}).
If =[∨({M})]∧[∨({N})], then by irreducibility =∨({M}) or =∨({N}),
which is impossible.
If [∨({M})]∧ [∨({N})]=∨({N}), then ∨({M})¿ ∨({N}). Therefore
∨({M})=∨({N}). Since M ∈ F({N}), then Hom(N; E(M)) =0; so N ∈ T
({M}).
By (1.4(i)) we have that N ∈ F
({M}); thus 
({N})¿ 




Proposition 1.7. If R is a ring and P is a prime ideal of R; then the left module R=P
is a 
({R=P})-A-module.
Proof. In order to show that R=P is a 
({R=P})-A-module; it is enough to prove
that 
({R=P}) ∨ ({I=P}) = 
({R=P}) ∨ ({R=P}) for all left ideals I of R such that
P  I .
Let 0 = I=P ⊂ R=P and  = 
({R=P}) ∨ ({I=P}). We have to show that R=P ∈T.
Let J=P= t(R=P) and assume that J =R. Then R=J ∈ F. Therefore R=J ∈ F
({R=P}); so
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J is a two-sided ideal that is not 
({R=P})-dense in R. Thus J ⊂ P by [7, Proposition
59.2]. Hence J=P = 0, which is a contradiction.
We denote by P= {
({R=P}) |P is a prime ideal of R}.
Denition 1.8. Let ∈R-tors and M ∈R-mod; M is called -P-module if M is a
-A-module and 
({M})∈P.
Examples 1.2 and 1.3 are, in fact, examples of -P-modules, as well as -A-modules.
Proposition 1.10 gives a general class of -P-modules. However, the following example
shows that a -A-module need not be a -P-module.
Example 1.9. Let C be the ring of diNerential polynomials studied by Cozzens in [6];
and let I be a maximal left ideal of C. Let R = {x∈C | Ix ⊆ I} be the idealizer of
I in C. Then R is a left and right noetherian ring. Up to isomorphism R has exactly
two simple modules R=I and S; where S is a faithful simple module. Moreover; {0}
and I are the only two prime ideals of R. (See [13] for details). Let  = ({R=I});
so S is a -A-module; and  = 
({S}). Since 
({R}) = ({S}) ∨  =  and since

({R=I}) = ({S}) = ; then S is not a -P-module.
Specializing Proposition 1.4 to -P-modules, we immediately obtain the following
result.
Proposition 1.10. Let M be a -P-module; then the following conditions hold.
(i) Every non-zero submodule N of M is a -P-module.
(ii) If ∈ gen() and M ∈ F; then M is a -P-module.
(iii) If N is a proper -pure submodule of M; then M=N is a -P-module.
(iv) If ∈R-tors and M ∈T; then M is a ( ∧ )-P-module.
Denition 1.11. For M ∈R-mod; M is said to be P-module if there exists ∈R-tors
such that M is a -P-module.
Proposition 1.12. Let M ∈R-mod. Then M is a P-module if and only if M is a

({M})-P-module.
Proof. If M is a P-module; then there exists ∈R-tors such that M is -P-module.
Therefore 
({M})¿ . By Proposition 1.10(ii) M is a 
({M})-P-module. The con-
verse is obvious.
Corollary 1.13. Let M ∈R-mod. Then M is a P-module if and only if 
({M})∈P
and for all 0 =N ⊂ M; we have 
({M}) ∨ ({N}) = 
({M}) ∨ ({M}).
Proof. ⇒] It is consequence of Proposition 1.12.
⇐] Let ∈R-tors such that 
({M})6 6 
({M})∨({M}). If M ∈ F, then 
({M})
= . If M ∈ F, then t(M) =0. So we have that 
({M}) ∨ ({t(M)}) = 
({M}) ∨
({M}) by hypothesis. Therefore = 
({M}) ∨ ({M}).
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2. P-ass and P-dimension
In this section, we associate to each module M a set of hereditary torsion theories;
the elements in this set are called P-associated to M . As usual ass(M) will denote
the set of prime ideals associated to M ; see [14, p. 160]. We will use the P-modules
in order to de7ne the P-dimension in R-mod. Remark 2.9 and Examples 2.10–2.13
will illustrate the de7nitions and results of this section.
Denition 2.1. Let M ∈R-mod. We denote by P-ass(M)={∈P | there is a submodule
N of M such that N is a -P-module}.
Notice that if M is a P-module, then by Propositions 1.7 and 1.12 P-ass(M) =
{
({M})}.
In the following proposition we collect some properties of the P-ass, that are
straightforward to prove.
Proposition 2.2. Let M ∈R-mod. Then
1. For every submodule N of M; P-ass(N ) ⊂ P-ass(M) ⊂ P-ass(N ) ∪P-ass(M=N ).
2. If M =⊕Mi, then P-ass(M) =
⋃
P-ass(Mi).
3. If N is an essential submodule of M; then P-ass(N ) =P-ass(M).
For each ∈R-tors, we are going to use the P-modules in order to de7ne a 7ltration
in gen().
The P-7ltration of  in R-tors is de7ned to be a chain of torsion theories #06 #1
6 · · ·6 #i6 · · ·, satisfying the following conditions:
1. #0 = .
2. If 	 is not a limit ordinal, then
#	 = #	−1 ∨ ({M ∈R-mod |M is a #	−1-P-module}):
3. If 	 is a limit ordinal, then #	 =
∨
$¡	 #$.
Since R-tors is a set, there exists a minimal ordinal k such that #k = #k+$ for all
ordinals $.
Denition 2.3. A non-zero left R-module M is said to have -P-dimension equal to
an ordinal h if and only if M is #h-torsion but not #i-torsion for any i¡h. The ring R
is said to have left -P-dimension k if it has -P-dimension k as a left module over
itself. Notice that R has -P-dimension if and only if #k = 
 for some ordinal k.
As a direct consequence of the de7nition, we have the following result.
Proposition 2.4. Let 0→ M ′ → M → M ′′ → 0 be an exact sequence in R-mod. Then
-P-dim(M) = sup{-P-dim(M ′); -P-dim(M ′′)}, provided that either side exists.
Proposition 2.5. Let ∈R-tors. Then the following conditions are equivalent:
(i) R has left -P-dimension.
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(ii) For all ∈ gen() with  = 
; there exists a -P-module M .
(iii) For all ∈ gen() with  = 
;  =∧{
({M}) |M is a -P-module}.
Proof. (i) ⇒ (iii) Let ∈ gen() with  = 
. If ′=∧{
({M}) |M is a -P-module};
then 6 ′6 
. Suppose that ¡′. Let i be the minimal ordinal such that ′∧#i 
. Notice that i is not a limit ordinal. On the other hand ′∧#0=′∧=¡; so that
i¿ 1. Now ′∧#i=′∧ [#i−1∨({M |M is a #i−1-P-module})] . Since R-tors is
a frame; then ′∧ [#i−1∨({M |M is a #i−1-P-module})]=(′∧#i−1)∨ [′∧({M | is
a #i−1-P-module})]  . The choice of i implies (′ ∧ #i−1)6 . From this we
conclude ′ ∧ ({M |M is a #i−1-P-module}) . Therefore there exists a non-zero
R-module N such that N is ′ ∧ ({M |M is a #i−1-P-module})-torsion and N ∈ T.
So we can suppose that N ∈ F.
As N ∈T({M |M is a #i−1-P-module}), then there exists a #i−1-P-module M such that
Hom(M;E(N )) =0. Therefore there are submodules K and L of M with K ⊂ L ⊆
M and with the property that 0 =L=K ,→ N . Since N ∈ F ⊆ F′∧#i−1 and N ∈T′ ,
we have that N ∈ F#i−1 . So we have that L=K is a #i−1-P-module by Proposition
1.10 (i) and (iii). Moreover, by Proposition 1.10(iv), L=K is a ′ ∧ #i−1-P-module.
As L=K ∈ F and ′ ∧ #i−16 , we can conclude L=K is a -P-module. So by the
de7nition of ′ we have that L=K ∈ F′ , which is a contradiction to 0 =L=K ,→
N ∈T′ .
(iii) ⇒ (ii) It is obvious.
(ii) ⇒ (i) Let k be the ordinal such that 6 #k = #k+$ for all ordinals $. We
have to prove #k = 
. If #k ¡
, then by (ii) there exists a #k -P-module M . Hence
M ∈T#k+1 = T#k , which is a contradiction.
Denition 2.6. The -P-dimension of an R-module is simply called the P-dimension
of the module.
Corollary 2.7. Let R be a ring. Then the following conditions are equivalent:
(i) R has P-dimension.
(ii) For every ∈R-tors with  = 
; there exists a -P-module M .





({M}) |M is a -P-module}:
Corollary 2.8. If R has P-dimension; then every proper torsion theory is a meet of
irreducible elements of R-tors.
Remark 2.9. Let R be a commutative ring and 0 =M ∈R-Mod. If P ∈ ass(M) exists;
there exists a submodule N of M such that N ∼= R=P. Therefore 
({R=P})∈P-ass(M).
Moreover if M ∈R-mod satis7es ass(N ) = ∅ for all 0 =N ⊂ M; we claim that
{
({R=P}) |P ∈ ass(M)} = P-ass(M). In fact; let ∈P-ass(M); then there exists a
submodule N of M such that N is a -P-module and = 
({N}). On the other hand;
we know that there exists a prime ideal P of R with =
({R=P}). Now let H ∈ ass(N ).
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({R=P}). Then by [7; Proposition 59.2] we get
P = H . Therefore P ∈ ass(M) and the claim is proved. As a consequence; if R is
a commutative Noetherian ring and 0 =M ∈R-mod; then {
({R=P}) |P ∈ ass(M)} =
P-ass(M).
Let ∈R-tors. The -Krull dimension of a module M , -Kdim (M), is the natural
extension of Krull dimension relative to a torsion theory. -Krull dimension is de7ned
recursively as follows: if M is -torsion, set -Kdim (M) = −1; if 	 is an ordinal
such that -Kdim (M)  	, then we set -Kdim (M) = 	 if for any descending chain
M ⊃ M1 ⊃ M2 ⊃ · · · of -pure submodules of M there exists a positive integer n0
such that -Kdim (Mn=Mn+1)¡	 for all n¿ n0. Note that if = , then -Kdim(M) is
the usual Krull dimension of the module M . In particular, if -Kdim(M) exists, then
M has 7nite uniform dimension. If R has -Kdim, then R has -Gdim. See [11] for
details about these dimensions.
Example 2.10. Let R be the ring of diNerential polynomials studied by Cozzens in
[6]. We know that R is a simple left Noetherian ring. Up to isomorphism there is
a unique simple left R-module S. Notice that in this ring R-sp={
({S}); 
({R})}
and P = {
({R})}. The P-7ltration of  in R-tors is {} while the P-7ltration of

({R}) in R-tors is {
({R}); 
}. Hence R does not have P-dimension; but R has

(R)-P-dimension.
On the other hand, since R is a left Noetherian ring, R has -Kdim and -Gdim for
any ∈R-tors.
In the above example we can see that the equality pointed out for commutative
Noetherian rings in Remark 2.9 is not always true for non-commutative Noetherian
rings. For the simple module S, we have P-ass(S) = ∅, but ass(S) = {0}.
Example 2.11. Let R = Z × Q=Z. De7ne addition componentwise and multiplication
by (a; x) · (b; y)= (ab; ay+ xb). Then R is a commutative ring that is called the trivial
extension of Z by Q=Z. Note that in this ring;
Spec(R) = {pZ×Q=Z |p is a prime} ∪ {{0} ×Q=Z}
and that
{E(R=(pZ×Q=Z)) |p is a prime} ∪ {E(R=({0} ×Q=Z))}
is a complete set of representatives of isomorphism classes of indecomposable in-
jective R-modules. Moreover; ass(C) = ∅ for any non-zero cyclic R-module C. As a
consequence; P-ass(M) = {
({R=P}) |P ∈ ass(M)} for every non-zero M ∈R-Mod by
Remark 2.9. Let 1 = ({S | S is a simple R-module}). Then the Gabriel topology
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associated to 1 is L1 = {nZ×Q=Z | n is a positive integer} and t1 (R) = {0}×Q=Z.
From this we get that R=t1 (R) is a 1-cocritical module. Moreover; 1∨({R=t1 (R)})=

. So the Gabriel 7ltration for  in R-tors is ¡1¡
. Hence R has -Gdim.
From the description of Spec(R); we have that the P-7ltration of  in R-tors is
¡1¡
; the same as the Gabriel 7ltration of . Hence R has -P-dimension.
Finally; since R does not have 7nite uniform dimension; it does not have -Krull
dimension.
Example 2.12. Let R be a domain that is not a left Ore domain. (See [14; p. 53]
for examples of rings of this sort). It is proved in [7; p. 486] that there are no

(R)-cocritical left R-modules. Hence the 
(R)-Gabriel 7ltration of 
(R) in R-tors is
{
(R)}. Therefore R does not have 
(R)-Gdim and as a consequence R does not have

(R)-Kdim. From the fact that R is a domain; we have that {0} is a prime ideal of
R. Hence; {
(R)¡ [
(R) ∨ (R)] = 
} is the P-7ltration of 
(R) in R-tors. So R has

(R)-P-dim.
Notice that {0} is the only 
(R)-pure prime ideal of R. If R is a domain, then
R is a left non-singular ring. Therefore 
(R) is the Goldie torsion theory in R-tors.
Now, we claim that there are no indecomposable injective 
(R)-torsionfree modules.
Indeed, assume that E is an indecomposable injective 
(R)-torsionfree module; then E
is a uniform left R-module. Thus we can conclude that E is a 
(R)-cocritical module,
which is a contradiction.
Example 2.13. Let C denote the Cozzens ring (see Example 2.10); and let F be the





. Since F does not have





does not have Krull dimension as left
R-module. Hence R does not have Krull dimension. Let M be a maximal left ideal of
























and {E(S1); E(S2); E(R=P1)} is a complete set of representatives of isomorphism classes
of indecomposable injective left R-modules. Let 1 = ({S1}) and 2 = ({S2}); then
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Now; let = 
({R=P2}) be the torsion theory whose Gabriel topology is L = {RI ⊆






The atoms of R-tors are 1 and 2. Since 
({S1}) = 
({R=Pi}), i=1; 2, then the 7rst
step in the P-7ltration of  in R-tors is 2. The unique atom over 2 is 2∨({S1}), but
S1 is not a 2-P-module. Hence the P-7ltration of  in R-tors is {¡2}. Therefore
R does not have P-dimension.
Finally, note that R=P1 is a (1∨2)-cocritical module and hence the Gabriel 7ltration
of  in R-tors is {¡ (1∨2)¡ [(1∨2)∨({R=P1})]=
}. Therefore R has Gabriel
dimension.
3. Gabriel correspondence
In this section we consider a hereditary torsion theory  such that R has -Gabriel
dimension. We denote by E(R) a complete set of representatives of isomorphism
classes of indecomposable -torsion free injective modules. Notice that the hypothesis
on  implies E(R) = ∅. Let Spec(R) be the set of -pure prime ideals of R and
P = {
({R=P}) |P is a -pure prime ideal of R}. Note that Spec(R), and hence
P, may be empty. We want to determine when Spec(R) is large enough for the
assignment  :E(R)→ Spec(R) de7ned by (E) = ass(E) to be a bijection. As in
[2], we will say that R has local bijective Gabriel correspondence with respect to  if
 is a bijective function.
Lemma 3.1. Let ∈R-tors and ∈ gen(). Assume R has -Gdim. Then every non-
zero -torsion free module M contains a 
({M})-cocritical module.
Proof. Since R has -Gdim; then there exists a 
({M})-cocritical module C. Therefore
there exists a non-zero morphism f :C → E(M). Since C is 
({M})-cocritical; we have
that f is a monomorphism. Thus Imf ∩M is a 
({M})-cocritical submodule of M .
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Lemma 3.2. Let ∈R-tors and suppose R has -Gdim. If R has -P-dimension; then
ass(M) = ∅ for all 0 =M ∈ F.
Proof. Let 0 =M ∈ F and {#	} the P-7ltration for  in R-tors. Since R has -P-
dimension; then there exists a minimal ordinal $ such that 0 =N := t#$(M).
Notice that $ is not a limit ordinal and N ∈ F#$−1 ; hence N ∈T#$ ∩F#$−1 . Inasmuch as
#$ = #$−1 ∨ ({L |L is a #$−1-P-module}); there exists a #$−1-P-module L such that
HomR(L; E(N )) =0. Hence there exist submodules L′′ ⊂ L′ ⊆ L such that 0 =C:=L′=L′′
,→ N ∈ F#$−1 . Thus by Proposition 1.10 we obtain that C is a #$−1-P-module and

({C}) = 
({L}) by Proposition 1.4. By Lemma 3.1 and Proposition 1.10 we can as-
sume C is cocritical. Since C is a #$−1-P-module; then there exists a prime ideal P
of R such that 
({C}) = 
({R=P}). From the fact that C is cocritical; we have that
there is a non-zero submodule C′ of C that is isomorphic to a submodule of R=P. Thus
ass(C′) = {P}. Hence ∅ = ass(C′) ⊆ ass(N ) ⊆ ass(M).
Before stating our main theorem, we need some terminology from [2]. A uniform left
R-module U is P-tame if ass(U )=P ∈Spec(R) and, for any 0 = u∈ annU (P) := {x∈U |
Px = 0}, annR(u)=P is not an essential left ideal of R=P. Then U is called tame if it
is P-tame for some P ∈Spec(R). Note that, if ass(U ) = P, then U is P-tame if and
only if annU (P) is non-singular as an R=P-module. A left R-module M is called tame
(P-tame) if M is an essential extension of a direct sum of tame (P-tame) uniform
modules; M is called –-tame for ∅ = – ⊂ Spec(R) if M is tame and ass(M) ⊂ –.
In particular, a R=P-module is P-tame if and only if it is R=P-non-singular. For more
information on these concepts, see [2] or [9].
Under a more general hypothesis than that used in [2], we now increase the number
of equivalent conditions for R to have a local bijective Gabriel correspondence.
Theorem 3.3. Let ∈R-tors and suppose R has -Gdim. Then the following conditions
are equivalent.
(i)  is bijective.
(ii) For every M ∈R-mod; M ∈ F;
P-ass(M) = {
({R=P}) |P ∈ ass(M)} = ∅:
(iii) P-ass(M) = ∅ for every non-zero -torsion free module M .
(iv) P = gen() ∩ R-sp.
(v) R has left -P-dimension.








(b) R=P is P-tame for each P ∈Spec(R).
(c) Direct products of Spec(R)-tame left R-modules are tame.
(vii) Any non-zero -torsionfree left R-module is tame.
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Proof. (i) ⇒ (ii) Note that condition (i) and Lemma 3.1 imply that ass(M) = ∅ for
every 0 =M ∈ F.
Let P ∈ ass(M). There exists a submodule C of M such that P = ann(L) for all
0 =L ⊂ C. We can suppose that C is a cocritical module. Since C ∈ F, we have that
P is a -pure prime ideal. So by hypothesis there is a cocritical submodule J=P of R=P.
Then E(J=P) and E(C) are indecomposable -torsion free injective R-modules such
that
(E(J=P)) = ass(J=P) = {P} and (E(C)) = ass(C) = {P}:
Since  is an injective map, then E(J=P)  E(C). Therefore there exists a submodule
C′ of C such that C′ ,→ J=P. So we have that 
({R=P})∈P-ass(M).
Let M ∈ F and 
({R=P})∈P-ass(M). Then there is a submodule N of M such
that N is 
({R=P})-P-module. By Lemma 3.1 and Proposition 1.10 we can assume
that N is a 
(M)-cocritical module. By Proposition 1.6 we have 
({N}) = 
({R=P}).
Therefore Hom(N; E(R=P)) =0, and there exists a submodule C of N such that C ,→
R=P. Therefore {P}= ass(C) ⊂ ass(N ) ⊂ ass(M).
(ii) ⇒ (iii) It is clear.
(iii) ⇒ (iv) Let 
({R=P})∈P; then R=P ∈ F. By Lemma 3.1, there is a cocritical




({R=P})∈ gen() ∩ R-sp.
Conversely, let 2∈ gen() ∩ R-sp and C a cocritical module such that 2 = 
({C}).
As C ∈ F, by (iii) P-ass(C) = ∅. Let 
({R=P})∈P-ass(C); then there exists C′ ⊂ C
such that C′ is 





(iv) ⇒ (v) Let ∈ gen(),  = 
. Since R has -Gdim, there is a -cocritical module
C. Then 
({C})∈ gen() ∩ R-sp=P. So there is a prime ideal P of R such that

({C})= 
({R=P}). Therefore C is a -P-module. Applying Proposition 2.5, we have
the result.
(v) ⇒ (i) From Lemma 3.2 and (v) we obtain that  is a well-de7ned func-
tion. Let P ∈Spec(R); then R=P ∈ F. From Lemma 3.1, R=P contains a non-zero

({R=P})-cocritical submodule C. Hence E(C) is an indecomposable -torsion free in-
jective module with the property that (E(C)) = P. So  is epic. Now, let E and
E′ be -torsion free indecomposable injective left R-modules such that (E)=(E′)=





({E′}). From (v) and Proposition 2.5
there exists a module N that is a 
({C})-P-module. Proposition 1.6 implies that

({N})=
({C}). On the other hand, since N is a 
({C})-P-module, there is a prime




({R=H}). Inasmuch as C is
cocritical, there is a non-zero submodule K of C that is isomorphic to a submodule of




Analogously we show that 
({C′})= 
({R=P}). From this 
({C})= 
({C′}). Since
C and C′ are cocritical modules, E = E(C) ∼= E(C′) = E′. Therefore  is injective
and the proof is complete.
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(i) ⇒ (vi) This can be proved by a straightforward modi7cation of the proof of (i)
⇒ (ii) of [2, Theorem 4.6].
(vi) ⇒ (vii) Let M =0 be -torsion free. By (vi) (a), M embeds in a direct product
of modules of the form ER(R=P), where P ∈Spec(R). Since ER(R=P) is P-tame by
(vi) (b), then M is tame by (vi) (c).
(vii) ⇒ (i) Let E be a -torsion free indecomposable injective module. By (vii), E
has a non-zero submodule U that is isomorphic to a non-singular left ideal of R=P.
Since P is prime, then ass(U ) = P ∈Spec(R).
It is now su8cient to show that any two uniform submodules of R=P have isomorphic
injective hulls. Let U be a -Gabriel critical submodule of R=P that has minimal
-Gabriel dimension amongst the uniform submodules of R=P, and let U ′ be any other
uniform submodule of R=P. Since U ′ is P-tame by hypothesis, U ′ is non-singular
as an R=P-module. For some 0 = x∈U ′, the map U → U ′ via u → ux must be
a monomorphism by the minimality of -Gdim(U ) and the primeness of P. Thus
E(U ) ∼= E(U ′), as desired.
R is a left fully bounded ring if for every prime ideal P, the ring R=P has the
property that every essential left ideal contains a non-zero two-sided ideal.
R is called fully -bounded for ∈R-tors if every -pure essential left ideal of a
prime factor ring of R contains a non-zero two-sided ideal.
An element ∈R-tors is ideal invariant if I=ID is -torsion for every two-sided ideal
I and every -dense left ideal D. In [8,9], Kim and Krause have proved that if R is
-noetherian and  is an ideal invariant torsion theory, R has bijective local Gabriel
correspondence with respect to  if and only if R is fully -bounded.
For ideal invariant torsion theories, we have the following characterization of fully
-bounded rings.
Corollary 3.4. Let ∈R-tors be ideal invariant and let R be -noetherian.
Then each one of the conditions in Theorem 3.3 are equivalent to the condition: R
is a bounded ring.
Proof. It follows from Theorem 3.3 and [9; Corollary 4.4].
We 7nish this paper by giving a new characterization of left FBN rings, as a con-
sequence of Theorem 3.3 and [10, Theorem 3.5].
Corollary 3.5. Let R be a left noetherian ring. Then the following conditions are
equivalent:
(i) R is a left fully bounded noetherian ring.
(ii) For all 0 =M ∈R-Mod;
P-ass(M) = {
({R=P}) |P ∈ ass(M)}:
(iii) P= R-sp.
(iv) R has P-dimension.
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(v) P-ass(M) = ∅ for all 0 =M ∈R-Mod.
(vi) Any non-zero left R-module is tame.
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